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MethodAbstract An analysis is presented to study the effects of viscous dissipation and viscoelastic
parameter on MHD natural convection flow of viscoelastic fluid over an accelerating permeable
surface with thermal radiation and heat source/sink. The governing differential equations that
are highly nonlinear are transformed by similarity variables and solved using Spectral Homotopy
Analysis Method (SHAM). The effects of various pertinent parameters on the velocity and temper-
ature profiles as well as the skin friction coefficient and the local Nusselt number are presented
graphically and in tabular form. The SHAM results are compared favorably with already estab-
lished results in literatures. It is found that the magnetic field acts as a retarding force on the velocity
profile of the flow but has a propelling effect on the thermal condition of the flow. It was revealed
that an increase in thermal radiation parameter of the flow produces significant increase in the ther-
mal condition of the fluid temperature.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Natural convection flow under the influence of gravitational
force has been investigated most extensively because they
occur frequently in nature as well as in science and engineering
applications. When a heated surface is in contact with a fluid,
the result of temperature difference causes buoyancy force,
which induces the natural convection. Recently heat flux appli-
cations are widely used in industries, engineering and science
fields. Heat flux sensors can be used in industrial measurement
and control systems. Examples of few applications are detec-
tion fouling (Boiler Fouling Sensor), monitoring of furnacesadiation
2 A.I. Fagbade et al.(Blast Furnace Monitoring/General Furnace Monitoring) and
flare monitoring. Use of heat flux sensors can lead to improve-
ments in efficiency, system safety and modeling. Chen [1] per-
formed an analysis to study the natural convection flow over a
permeable inclined surface with variable wall temperature and
concentration. The results show that the flow velocity reduces
in the presence of a magnetic field and establishes that an
increase in the angle of inclination between the flow and the
surface lowers the effect of buoyancy force but boosts the heat
transfer rate at a significant value of Prandtl number. Ezzat
et al. [2] studied combined heat and mass transfer for unsteady
MHD flow of perfect conducting micropolar fluid with ther-
mal relaxation. In their analysis, Laplace transform techniques
were applied to a thermal–chemical reactive shock problem in
a half space. They presented numerical results for the temper-
ature, velocity, concentration, microrotation and induced
magnetic field distributions. Kalpadides and Balassas [3] stud-
ied free convective boundary layer problem of an electrically
conducting fluid over an elastic surface using group theoretic
method. They obtained a standard result which agreed with
the existing results in the literature for the group of scaling
symmetry. Ibrahim et al. [4] investigated the similarity reduc-
tions for problem of radiative and magnetic field effects on free
convection and mass-transfer flow past a semi-infinite flat
plate. They obtained new similarity reductions and found an
analytical solution for the uniform magnetic field by using
Lie group method and presented the numerical analysis on
the influence of non-uniform magnetic field.
The role of thermal radiation on the flow and heat transfer
process is of major importance in the design of many advanced
energy conversion systems operating at higher temperature e.g.
Nuclear power plants, gas turbines and various propulsion
devices for aircraft, missiles, satellites and space vehicles. Ther-
mal radiation within this system is usually as a result of emis-
sion by hot walls and the working fluid Seigel and Howell [5].
In the similar input, Effect of thermal radiation and soret in
the presence of heat source/sink on unsteady MHD flow past
a semi-infinite vertical plate was studied by Srihari and Srini-
vas [6]. Non-aligned MHD stagnation point flow of variable
viscosity nanofluids past a stretching sheet with radiative heat
was investigated by Waqar et al. [7]. They transformed the
governing nonlinear partial differential equations into a set
of nonlinear ordinary differential equations using similarity
transformation and solved by fourth–fifth order Runge–Kutta–
Tehlberg method. It was found that non-alignment of the
re-attachment point on the sheet surface decreases with increase
in magnetic field intensity. Makinde et al. [8] discussed the
MHD variable viscosity reacting flow over a convectively
heated plate in a porous medium with thermophoresis and
radiative heat transfer. The system of nonlinear ordinary differ-
ential equations governing the flow is solved numerically using
the Nachtsheim and Swigert shooting iteration technique
together with a sixth-order Runge–Kutta iteration algorithm.
Free convection effects on perfectly conducting fluid were stud-
ied by Magdy [9]. It was noticed that in both cooling and heat-
ing of the surface as Alfven velocity increases, the velocity of the
flow reduces significantly. They explained that this may be due
to the fact that the effect of the magnetic field corresponds to a
term signifying a positive force that tends to decelerate the fluid
particles.
Recently, many researchers have looked into the qualitative
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geometry of the flow. Important in this regard is the research
work of Chamkha and Ahmed [10], Seth et al. [11], Das et al.
[12] and Raju et al. [13]. For instance, Sharma and Singh [14]
examined the effects of variable thermal conductivity and heat
source/sink on MHD flow near a stagnation point on a linearly
stretching sheet. Fagbade et al. [15] delved into the influence of
magnetic field, viscous dissipation and thermophoresis on
Darcy–Forcheimer mixed convection flow in fluid saturated
porous media. In the study, the similarity variable is used to
transform the governing equations into a boundary valued
problem of coupled ordinary differential equations and solved
by Spectral Homotopy Analysis Method (SHAM). Waqar
et al. [16] discussed the combined heat and mass transfer of
third-grade nanofluids over a convectively-heated stretching
permeable surface. They converted the partial differential equa-
tion of the model into ordinary differential equation using the
similarity variables and observed that viscoelastic parameter
has a tendency to lower the flow velocity and temperature but
increases the dimensionless concentration at the surface.
Viscoelastic flows and transport phenomena arise in numer-
ous areas of chemical, industrial process, biosystems, food pro-
cessing and biomedical engineering. These include the rheology
of liquid crystal precursors employed in the manufacture of
carbon super fibers, crude oil emulsion processing, paper coat-
ing rheological processing, propulsive ciliary transport of res-
piratory airway mucus, thermo-capillary bubble dynamics in
weakly elastic fluids, rhe-reactor phosphatation flows, flour
rheology, mayonnaise elastic–viscous flows, xanthan gum
hydrogel flows, and polygalacturonase-based food stuff. Ezzat
and Abd-Elaal [17] studied the state space approach to vis-
coelastic fluid flow of hydromagnetic fluctuating boundary-
layer through a porous medium. They obtained the solution
to a problem of an electrically conducting viscoelastic fluid
in the presence of a transverse magnetic field between two par-
allel fixed plates. Makanda et al. [18] studied the natural con-
vection of viscoelastic fluid from a cone embedded in a porous
medium with viscous dissipation using successive linearization
method (SLM).
Magdy and Abd-Elaal [19] discussed free convection effects
on a viscoelastic boundary layer flow with one relaxation time
through a porous medium. The discussion of the effects of
cooling and heating on a viscoelastic conducting fluid was
given. They found out that for large values of the permeability
of the porous medium, the velocity inside the boundary layer
increases to a value greater than the free stream velocity and
then levels off gradually to reach the value of the free stream
outside the boundary layer. Prasad et al. [20] discussed the
characteristics of heat transfer and momentum in an incom-
pressible electrically conducting non-Newtonian boundary
layer flow of a viscoelastic fluid over a stretching sheet. They
assumed that the fluid viscosity and thermal conductivity vary
as an inverse and linear thermal conductivity respectively. It
was also found that there was a significant decrease in wall
temperature profile and skin friction of the sheet by increasing
magnetic field parameter.
The objective of the present paper was to investigate MHD
natural convective flow of non-Newtonian fluid characterized
by Walter’s B liquid with heat transfer in the presence of ther-
mal radiation and heat source/sink over an accelerating perme-
able surface with a view to understudy the influence of
viscoelastic effects and viscous dissipation on the flow.f viscoelastic fluid over an accelerating permeable surface with thermal radiation
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MHD natural convection flow of viscoelastic fluid 32. Mathematical formulation
Consider a steady, laminar and two dimensional flow of an
incompressible Walters liquid B fluid over an accelerating per-
meable surface coinciding with a plane y ¼ 0 and the flow being
confined to y > 0. The flow is generated due to the stretching of
the surface, caused by the simultaneous application of a mag-
netic field of uniform strength B0 executed in the direction of
y-axis. The magnetic reynolds number is assumed to be small
and that the induced magnetic field is neglected. The surface
is assumed to be permeable so as to allow possible wall fluid
suction or injection with significant consideration for thermal
radiation and buoyancy effects. We take y-axis along the sur-
face, x-axis being normal to it and u and v are the fluid tangen-
tial velocity and normal velocity, respectively as shown in
Fig. 1. The model of Walters B fluid is chosen for our study
as it involves only one non-Newtonian parameter. The Cauchy
stress tensor S in such a fluid is related to the motion in the fol-
lowing manner, Mehmood [21]:
S ¼ PIþ s; ð1Þ
s ¼ 2g0e 2k0
de
dt
; ð2Þ
where P is the fluid pressure, I is the identity tensor and the
rate of strain tensor e is defined by:
2e ¼ rðvÞ þ rðvÞT: ð3Þ
where v is the velocity vector, r is the gradient operator and ddt
denotes the convected differentiation of a tensor quantity in
relation to the material in motion. The convected differentia-
tion of the rate of strain tensor is given by:
de
dt
¼ @e
@t
þ v  rðeÞ  e  rðvÞ  ðrðvÞÞT  e ð4Þ
The limiting viscosity g0 at small rate of shear and the short
memory coefficient k0 for the Walter’s B fluid are defined by:
g0 ¼
Z 1
0
kð1Þd1; ð5Þ
k0 ¼
Z 1
0
skð1Þd1: ð6ÞFigure 1 Flow configuration and coordinate system.
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Walters [22]. This idealized model is a valid approximation
of Walters B fluid taking very short memory into account so
that terms involvingZ 1
0
snkðsÞds nP 2: ð7Þ
have been neglected.
As a result of the above simplifications, assumptions and
Boussineq’s approximation, the governing equations, model-
ing the flow of Walter’s B fluid through a permeable surface
following Chamkha [23] can be written as:
@u
@x
þ @v
@y
¼ 0; ð8Þ
u
@u
@x
þ v @u
@y
¼ @sxx
@x
þ @sxy
@y
þ gbðT T1Þ  rB
2
0u
q
; ð9Þ
u
@T
@x
þ v @T
@y
¼ K @
2T
@y2
þ 1
qcp
trðs:LÞ þ b
u
qcp
ðT1  TÞ
þ Q0
qcp
ðT T1Þ þ rB
2
0
qcp
u2  1
qcp
@qr
@y
: ð10Þ
With
L ¼ rðvÞ; ð11Þ
s ¼
sxx sxy
syx syy
 !
; ð12Þ
sxx ¼ 2g0ux  2k0 uuxx þ vuxy  2u2x  uyvx  v2x
 
; ð13Þ
sxy ¼ syx ¼ g0ðuy þ vxÞ
 2k0 1
2
uuxy þ 1
2
uvxx þ 1
2
vuyy þ 1
2
vvxy  3
2
uxuy  1
2
uyvy

 1
2
uxvx  vxvy

; ð14Þ
syy ¼ 2g0vy  2k0 uvxy þ vvyy  uyvx  u2y  v2y
h i
; ð15Þ
trðs  LÞ ¼ uxsxx þ vxsxy þ uysyx þ vysyy
 
: ð16Þ
where x and y are the vertical and horizontal directions respec-
tively. u and v are the fluid velocity components in the x and y
directions. q is the fluid density, m is the kinematic viscosity, cp
is the specific heat at constant pressure, K is the thermal diffu-
sivity, k is the fluid thermal conductivity, b is the volumetric
expansion coefficient, r is the electric conductivity, B0 is the
applied magnetic induction, qr is the radiative heat flux, k0 is
the fluid visco-elasticity, T1 is the free stream temperature.
The terms bðT1  TÞ and Q0ðT T1Þ represent the heat gen-
eration or absorption per unit volume respectively. Similarly,
the contribution of thermal radiative heat flux qr, is based on
Rosseland approximation. Rosseland approximation requires
that the medium is optically dense and radiation travels only
a short distance before being scattered or absorbed. Therefore,
a simplified model for Radiative Transfer Equation (RTE)
based on Rosseland approximation as noted by Md Miraj et.
al. [24] is given as:
qr ¼ 
4rs
3ke
@T4
@y
; ð17Þf viscoelastic fluid over an accelerating permeable surface with thermal radiation
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4 A.I. Fagbade et al.where rs is the Stefan–Boltzmann constant and ke is known as
absorption coefficient. We assumed that the temperature dif-
ference within the flow regime is sufficiently small such that
T4 can be expressed as a linear function of the free stream tem-
perature T1. This is simplified by expanding T
4 in Taylor ser-
ies about T1 and forgone the higher order terms. Considering
the Taylor’s series expansion of a function gðxÞ about x0
gðxÞ ¼ gðx0Þ þ ðx x0Þg0ðx0Þ
þ ðx x0Þ
2
2!
g00ðx0Þ þ    þ ðx x0Þ
n
n!
gnðx0Þ; ð18Þ
Likewise, expansion of T4 about T1. Setting gðxÞ ¼ T4 and
gðx0Þ ¼ gðT1Þ ¼ T41 in above equation. Neglecting higher
order, we obtain T4 ¼ 4T31T 3T41. Thus
1
qcp
@qr
@y
¼  16rsT
3
1
3qcpke
@2T
@y2
: ð19Þ
Using the above simplifications in Eqs. (9) and (10), we
have:
u
@u
@x
þ v@u
@y
¼ m@
2u
@y2
k0 v@
3u
@y3
þ u @
3u
@y2@x
 2@u
@y
@2u
@x@y
 3@u
@x
@2u
@y2
 
þ gbðTT1ÞrB
2
0
q
u; ð20Þ
u
@T
@x
þ v @T
@y
¼ K @
2T
@y2
þ 16rs
3qcpke
T31
@2T
@y2
þ Q0
qcp
ðT T1Þ
þ b

qcp
ðT1  TÞuþ 1qcp 2g0
@u
@y
 	2"
 k0 u @u
@y
@2u
@x@y
þ v @u
@y
@2u
@y2
 3 @u
@x
@u
@y
 	2 
 3 @v
@y
@u
@y
 	2!#
þ rB
2
0
qcp
u2: ð21Þ
subject to the following boundary conditions:
uðx; 0Þ ¼ ax; vðx; 0Þ ¼ mw; Tðx; 0Þ ¼ TwðxÞ
¼ T1 þ A0x; uðx;1Þ ¼ 0; Tðx;1Þ ¼ T1: ð22Þ
where a is the stretching rate (a constant), mw is the wall suction
velocity when ðmw > 0Þ or injection when ðmw < 0Þ, and TwðxÞ is
the wall temperature.
It is worth noting that the physical quantities of engineering
interest in this problem are skin-friction coefficient Cf and
local Nusselt number Nu defined respectively as:
Cf ¼ sw
g0
ﬃﬃ
a
m
p 
ax
: ð23Þ
Nu ¼ mqw
KaðTw  T1Þ : ð24Þ
With respect to the Walter’s B memory fluid and radiative
transfer equation (RTE) based on Rosseland approximation,
the corresponding wall shear stress ðswÞ and the rate of heat
transfer qw are derived as:Please cite this article in press as: Fagbade AI et al., MHD natural convection flow o
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@u
@y
 k0 u @
2u
@y@x
 3 @u
@x
@u
@y
 
y¼0
; ð25Þ
qw ¼ K
@T
@y
 	
y¼0
 4rs
3ke
@T4
@y
 	
y¼0
: ð26Þ
Using the following similarity transformation:
w ¼ ðmaÞ12xfðgÞ; g ¼ a
m
 1
2
y; u ¼ @w
@y
;
v ¼  @w
@y
: T ¼ T1 þ ðTw  T1ÞhðgÞ: ð27Þ
where wðx; yÞ is the stream function introduced to ensure that
continuity equation is satisfied. Hence, the transformed
governing equation is obtained as
f000 þ ff00 þ aðffiv þ f0f000 þ 2f002  f0f00Þ Mf0  f02 þGrh¼ 0; ð28Þ
1þR
Pr
 	
h00 þ fh0  f0hð1þ dyÞ þDhþEcMf02 þ 2Ecf002
þEca ff00f000  f0f002 ¼ 0: ð29Þ
Subject to the following boundary conditions:
f0ð0Þ ¼ 1; fð0Þ ¼ b0; hð0Þ ¼ 1; ð30Þ
f0ð1Þ ¼ 0; hð1Þ ¼ 0: ð31Þ
Note: b0 ¼ mwðamÞ12 is the wall mass transfer coefficient such that
b0 > 0 denotes wall suction and b0 < 0 corresponds to wall
blowing conditions. Where
Ec ¼ ðaxÞ
2
cpðTw  T1Þ ; M ¼
rB20
aq
; Gr ¼ gbhðTw  T1Þ
a2x
;
a ¼ k0a
m
; b0 ¼
mw
ðamÞ12
; D ¼ Q0
qcpa
; Pr ¼ m
a
;
R ¼ 16rsT
3
1
3keK
; dy ¼ b
x
qcp
:
are the Eckert number, Hartmann number, Thermal Grashof
number, The viscoelastic parameter or Weissenberg number,
the wall mass transfer coefficient, heat source/sink parameter,
Prandtl number, thermal radiation parameter and internal
heat generation/absorption coefficient parameter respectively.
Similarly, by using the similarity variable introduced earlier
on the above physical quantities of engineering application,
we obtain:
Cf ¼ f00ð0Þ þ 2af0ð0Þf00ð0Þ; ð32Þ
Nu ¼ h0ð0Þð1þ RÞ: ð33Þ
It is seen that Cf and Nu are directly proportional to the
wall velocity and temperature gradients, respectively.
3. Spectral Homotopy Analysis Method
The use of the Chebyshev spectral collocation method is now
becoming the preferred tool for solving ordinary and partial
differential equations because of their elegance and high accu-
racy in resolving problems with smooth functions. In applying
the Spectral-Homotopy Analysis Method, it is convenient to
first transform the domain of the problem from ½0;1 to
½1; 1 and make the governing boundary conditions homoge-
neous by using the transformations.f viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
Table 1 Comparison of wall temperature gradient ðh0fð0ÞÞ with results reported by Chamkha [10] and Acharya et al. [25] when
Pr= 0.71, a= Gr= R=M= D ¼ 0.
b0 ¼ 0:45 b0 ¼ 0:45 b0 ¼ 0 b0 ¼ 0 b0 ¼ 1:5 b0 ¼ 1:5
dy ¼ 0:5 dy ¼ 1:0 dy ¼ 0:5 dy ¼ 1:0 dy ¼ 0:5 dy ¼ 1:0
Present work 0.82148 0.96253 0.94987 1.07797 1.57179 1.66954
Chamkha [10] 0.82397 0.96191 0.94769 1.07996 1.57077 1.66184
Acharya et al. [25] 0.82250 0.96180 0.94620 1.07890 1.56960 1.66030
Table 2 Computed values of skin friction coefficient Cf and local Nusselt number at different values of viscoelastic parameter a and
Magnetic parameter M when Pr= 0.71, Gr= 0.5, Ec= 0.01, D ¼ 0.
a M b0 ¼ 0:5; R ¼ 0 b0 ¼ 0; R ¼ 0 b0 ¼ 0:5; R ¼ 0 b0 ¼ 0:5; R ¼ 0:5 b0 ¼ 0; R ¼ 0:5
Cf Nu Cf Nu Cf Nuð0Þ Cf Nu Cf Nu
0 0 1.02012 1.12032 0.61343 0.96393 0.11318 0.85134 0.91361 1.29474 0.45788 1.15242
0.5 1.59439 1.03511 1.22837 0.87029 0.76919 0.74029 1.51806 1.18593 1.12882 1.01474
1.0 2.08219 0.97811 1.74978 0.80524 1.33754 0.65143 2.02395 1.11387 1.67946 0.92332
0.01 0 1.02979 1.12070 0.56275 0.96834 0.01305 0.85796 0.91276 1.29609 0.39329 1.15842
0.5 1.71062 1.02916 1.27428 0.86899 0.75397 0.74238 1.62715 1.17996 1.16601 1.01388
1.0 2.29355 0.96779 1.88167 0.79981 1.39951 0.64977 2.23022 1.10285 1.80546 0.91748
MHD natural convection flow of viscoelastic fluid 5n ¼ 2g
L
 1; n½1; 1 ð34Þ
fðgÞ ¼ fðnÞ þ f0ðgÞ; hðgÞ ¼ hðnÞ þ h0ðgÞ: ð35Þ
f0ðgÞ ¼ 1þ b0  eg; f00ðgÞ ¼ eg; h0ðgÞ ¼ eg ð36Þ
Substituting Eq. (35) above into the transformed governing
Eqs. (28), (29) and boundary condition (30), (31) gives:
f000ðnÞ þ aa1fðnÞ þ aa2fivðnÞ þ 2aa5f0ðnÞ Mf0ðnÞ þ 2aa4f000
þ a3fþ a2f00ðnÞ  2a4f0ðnÞ þ GrhðnÞ þ afðnÞf0000 ðnÞ
þ 2af0ðnÞf000ðnÞ  f02ðnÞ þ fðnÞf00ðnÞ þ 2af00ðnÞ2
þ 4aa3f00ðnÞ ¼ H1ðgÞ; ð37Þ
1
Pr
ð1þRÞh00ðnÞþb1fðnÞþb2h0ðnÞb3f0ðnÞb4hðnÞ
dyb3f0ðnÞdyb4hðnÞþDhðnÞþfðnÞh0ðnÞf0ðnÞhðnÞ
dyf0ðnÞhðnÞþ2EcMa4f0ðnÞþEcMf02ðnÞþ2Ecf002ðnÞ
Ecaf0ðnÞf002ðnÞ2Eca3af0ðnÞf00ðnÞEcaa23f0ðnÞ
Ecaa4f002ðnÞ2Ecaa4a3f00ðnÞþEcafðnÞf00ðnÞf000ðnÞ
þEcaa5fðnÞf00ðnÞþEcaa4fðnÞf000ðnÞþEcaa4a5fðnÞ
þEcaa2f00ðnÞf000ðnÞþEcaa2a5f00ðnÞþEcaa2a4f000ðnÞ¼H2ðgÞ: ð38Þ
Subject to:
fð1Þ ¼ f0ð1Þ ¼ f0ð1Þ ¼ 0; hð1Þ ¼ hð1Þ ¼ 0: ð39Þ
where the prime denotes differentiation with respect to n and
has set
a1 ¼ f00000 ðgÞ; a2 ¼ f0ðgÞ; a3 ¼ f000ðgÞ; a4 ¼ f00ðgÞ
b1 ¼ h00ðgÞ; b2 ¼ f0ðgÞ; b3 ¼ h0ðgÞ; b4 ¼ f00ðgÞ: ð40Þ
And
H1ðgÞ ¼ f0000 ðgÞ  f0ðgÞf000ðgÞ þ f020 ðgÞ þMf00ðgÞ  2af00ðgÞf0000 ðgÞ
 Grh0ðgÞ  af0ðgÞf
0000
0 ðgÞ  2af000ðgÞ; ð41ÞPlease cite this article in press as: Fagbade AI et al., MHD natural convection flow o
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Pr
ð1þ RÞh000ðgÞ  h00ðgÞf0ðgÞ  f00ðgÞh0ðgÞ
þ dyf00ðgÞh0ðgÞ  Dh0ðgÞ  EcMf020 ðgÞ  2Ecf0020 ðgÞ
þ Ecaf00ðgÞf0020 ðgÞ  Ecaf0ðgÞf00ðgÞf0000 ðgÞ: ð42Þ
The non-homogeneous linear part of the governing Eqs.
(37) and (38) is given by
f000l þ aa1fl þ aa2f
0000
l þ 2aa5f0l Mf0l þ 2aa4f000l þ a3fl þ a2f00l
 2a4f0l þ Grhl þ 4aa3f00l ¼ H1ðgÞ; ð43Þ
1
Pr
ð1þ RÞh00l þ b1fl þ b2h0l  b3f0l  b4hl  dyb3f0l  dyb4hl þ Dhl
þ 2EcMa4f0l þ 4Eca3f00l  2Ecaa23f0l  2Ecaa3a4f00l þ Ecaa5a4fl
þ Ecaa2a5f00l þ Ecaa2a4f000l ¼ H2ðgÞ: ð44Þ
Subject to:
f0lð1Þ ¼ f0lð1Þ ¼ 0; hlð1Þ ¼ hlð1Þ ¼ 0; flð1Þ ¼ flð1Þ ¼ 0:
ð45Þ
The Chebyshev pseudospectral method is used to solve (43)
and (44) and the unknown functions flðnÞ and hlðnÞ are
approximated as a truncated series of Chebyshev polynomials
of the form
flðnÞ  fNl ¼
XN
k¼0
fNk T11kðnJÞ J ¼ 0; 1; 2; . . . ;N ð46Þ
hlðnÞ  hNl ¼
XN
k¼0
hNk T21kðnJÞ J ¼ 0; 1; 2; . . . ;N ð47Þ
where T1k and T2k are the kth Chebyshev polynomials with
coefficients fk; hk respectively and n0; n1; n2; . . . ; nN are
Gauss–Lobatto collocation point defined by
nJ ¼ cos
pJ
N
 	
J ¼ 0; 1; 2; . . . ;N; ð48Þf viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
Table 3 Computed values of skin friction coefficient Cf and
local Nusselt number at different values of viscous dissipation
term Ec and thermal Grashof number Gr when Pr= 0.71,
R= 0.5, M= 0.5, b0 ¼ 0:45; a ¼ 0:01; dy ¼ 0:5.
Ec Gr D ¼ 1 D ¼ 0
Cf Nu Cf Nu
0.01 0 1.38256 1.37992 1.38256 0.85704
0.5 1.01082 1.41622 0.81963 0.97228
2.0 0.00416 1.50892 0.40836 1.16864
0.1 0 1.38256 1.34002 1.38256 0.81588
0.5 1.00491 1.36533 0.78928 0.89384
2.0 0.07102 1.43484 0.63153 1.05327
6 A.I. Fagbade et al.where N is the number of collocation points. The derivatives of
the function flðnÞ; hlðnÞ at the collocation points are presented
as;
drfl
dnr
¼
XN
k¼0
DrkJflðnJÞ;
drhl
dnr
¼
XN
k¼0
DrkJhlðnJÞ; ð49Þ
where r is the order of differentiation and D ¼ 2
L
D and D is
the Chebyshev spectral differentiation matrix. Substituting
Eqs. (46)–(49) into Eqs. (43) and (44), we obtain0 2 4 6 8 10
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Figure 2 Effect of Hartmann parameter (M) on velocity, tempera
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Subject to
flðnNÞ ¼ b0;
XN
k¼0
DNkfkðnkÞ ¼ 1;
XN
k¼0
D0kfkðnkÞ ¼ 0;
hlðnNÞ ¼ 1; hlðn0Þ ¼ 0: ð51Þ
where
A ¼ A11 A12
A21 A22
 	
; ð52Þ
A11 ¼D3þ aa1Iþ a2D2 2a4DMDþ 2aa4D3þ 2aa5D
þ aa2D4þ 4a3D2 ð53Þ
A12 ¼GrI; A22 ¼ 1
Pr
ð1þRÞD2þDþ b2D b4D dyb4IþDI;
A21 ¼ b1 b3D dyb3Dþ 2EcMa4Dþ 4Eca3D2Ecaa23D
 2Ecaa3a4D2þ 2Ecaa4a5DþEcaa2a5D2þ 2Ecaa2a4D3
Fl ¼ ½flðn0Þ; . . . ; flðnNÞ;hlðn0Þ; . . . ;hlðnNÞ
G¼ ½Hlðg0Þ; . . . ;HlðgNÞ;H2ðg0Þ; . . . ;H2ðgNÞ
ai ¼ diagð½aiðg0Þ; . . . ;aiðgN1Þ;aiðgN1;aiðgNÞ
bi ¼ diagð½biðg0Þ; . . . ;biðgN1Þ;biðgN1;biðgNÞ i¼ 1;2;30 2 4 6 8 10
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f viscoelastic fluid over an accelerating permeable surface with thermal radiation
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MHD natural convection flow of viscoelastic fluid 7The first and the last rows and columns of A are deleted so
as to implement the boundary conditions (51). These boundary
conditions are then imposed on the first and last rows of the
modified matrix A. Setting the modified matrix G to zero,
the values of flðn0Þ; . . . ; flðnNÞ; hlðn0Þ; . . . ; hlðnNÞ are then
determined from;
Fl ¼ A1:G ð54Þ
The above equation provides us with the initial approximation
to obtain SHAM solution for the governing equations. We
now define the following linear operators to seek for the con-
vergent series of SHAM approximation solutions of (37) and
(38) by first defining the following linear operators:
Lf½fðg; qÞ; hðg; qÞ ¼ f000l þ aa1fl þ aa2f
0000
l þ 2aa5f0l Mf0l þ 2aa4f000l
þ a3fl þ a2f00l  2a4f0l þ Grhl þ 4aa3f00l ; ð55Þ
Lh½fðg; qÞ; hðg; qÞ ¼ 1
Pr
ð1þ RÞh00l þ b1fl þ b2h0l  b3f0l
 b4hl  dyb3f0l  dyb4hl þ Dhl
 2Ecaa23f0l  2Ecaa3a4f00l
þ Ecaa5a4fl þ Ecaa2a5f00l
þ Ecaa2a4f000l þ 2EcMa4f0l þ 4Eca3f00l : ð56Þ0 2 4 6 8 10
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Figure 3 Influence of viscoelastic parameter a on velocity, tempera
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and heat source or sink: Spectral Homotopy Analysis Approach, Ain Shams Eng Jwhere q½0; 1 is the embedding parameter and fðg; qÞ; hðg; qÞ
are the unknown functions. The zeroth order deformation
equation is given by:
ð1 qÞLf½fðg; qÞ  flðnÞ ¼ qhfNf½fðn; qÞ; hðn; qÞ H1;
ð1 qÞLh½hðg; qÞ  hlðnÞ ¼ qhhfðg; qÞ; hðg; qÞ H2:
Where hf; hh are nonzero convergence controlling auxiliary
parameter and Nf and Nh are nonlinear operations given
by:
Nf½fðg; qÞ; hðg; qÞ ¼ aff00  f02 þ 2af0f000 þ ff00 þ 2af002; ð57Þ
Nh½fðg; qÞ; hðg; qÞ ¼ f0h0  f0h dyf0hþ EcMf02 þ 2Ecf002
 Ecaf0f002  2Ecaa3f0f00  Ecaa4f002
þ Ecaff00f000 þ Ecaa5ff00 þ Ecaa4ff000
þ Ecaa2f00f000 ð58Þ
Differentiating the above equation m times with respect to q
and then set q ¼ 0 and finally dividing the resulting equations
by m! yields the mth order deformation equations:
Lf½fmðnÞ  Xmfm1ðnÞ ¼ hfRfm; ð59Þ
Lh½hmðnÞ  Xmhm1ðnÞ ¼ hhRhm: ð60Þ0 2 4 6 8 10
0
0.2
0.4
0.6
0.8
1
η
θ(
η
)
0
0.01
0.1
α
1.2 1.4 1.6
0.38
0.4
0.42
η
θ (
η
)
0 2 4 6 8 10
0
0.5
1
1.5
2
η
N
u
α
0
0.01
0.1
ture, skin friction coefficient and local Nusselt number profiles.
f viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
0 2 4 6 8 10
0
0.2
0.4
0.6
0.8
1
η
f
(η
)
0
0.5
1
R
0 2 4 6 8 10
0
0.2
0.4
0.6
0.8
1
η
θ (
η
)
0
0.5
1
R
0 2 4 6 8 10
0
0.5
1
1.5
2
η
C
f
R
0
0.5
1
0.2 0.4 0.6 0.8 1 1.2
0.3
0.4
0.5
0 2 4 6 8 10
0
0.5
1
1.5
2
η
N
u
R
0
0.5
1
Figure 4 Influence of thermal radiation parameter R on velocity, temperature, skin friction coefficient and local Nusselt number profiles.
8 A.I. Fagbade et al.Subject to the boundary conditions:
fmð1Þ ¼ f0mð1Þ ¼ f0mð1Þ ¼ 0; ð61Þ
hmð1Þ ¼ hmð1Þ ¼ 0: ð62Þ
where
RfmðnÞ ¼ f000m1 þ aa1fm1 þ aa2f
0000
m1  2a4f0m1 Mf0m1 þ 2aa5f0m1
þ 2aa4f000m1 þGrhm1 þ a3fm1 þ a2f00m1 þ 4aa3f00m1
þ
Xm1
n¼0
afnf
0000
m1n þ 2af0nf000m1n þ fnf00m1n  f0nf0m1n

þ 2af00nf00m1n

H1ðgÞð1XmÞ; ð63Þ
RhmðnÞ¼
1
Pr
ð1þRÞh00m1þb1fm1þb2h0m1b3f0m1
b4h0m1dyb3f0m1dyb4hm1þAm1
þ
Xm1
n¼0
ðfnh0m1n f0nhm1ndyf0nhm1nþEcMf0nf0m1n
þ2Ecf00nf00m1n2Ecaa3f0nf00m1nEcaa4f00nf00m1nþEcaa5fnf0m1n
þEcaa4fnf000m1nþEcaa2f00nf00m1nÞ
þ
Xn
i¼0
Xm1
n¼0
Ecafif
00
nif
000
m1nEcaf0if00nif00m1n
 H2ðgÞð1XmÞ:
ð64ÞPlease cite this article in press as: Fagbade AI et al., MHD natural convection flow o
and heat source or sink: Spectral Homotopy Analysis Approach, Ain Shams Eng JApplying the Chebyshev pseudo-spectral transformation on
above gives;
Afm ¼ ðXm þ hÞAfm1  hð1 XmÞGþ hQm1 ð65Þ
Subject to the boundary conditions:
fmðnNÞ ¼ 0; fmðn0Þ ¼ 0; ð66Þ
hmðnNÞ ¼ 0; hmðn0Þ ¼ 0: ð67Þ
where A and G are defined above, Fm ¼ ½fmðn0Þ; fmðn1Þ; . . . ;
fmðnNÞ; hmðn0Þ; hmðn1Þ; . . . ; hmðnNÞT and
Q1;m1¼
Xm1
n¼0
½afnðD4fm1nÞþ2aðDfnÞðD3fm1nÞþðfnÞðD2fm1nÞ
ðDfnÞðDfm1nÞþ2aðD2fnÞðD2fm1nÞ ð68Þ
Q2;m1 ¼
Xm1
n¼0
ððfnÞðDhm1nÞðDfnÞðhm1nÞdyðDfnÞðhm1nÞ
þEcMðDfnÞðDfm1nþ2EcðD2fnÞðD2fm1nÞ
2Ecaa3ðDfnÞðD2fm1nÞEcaa4ðD2fnÞðD2fm1nÞ
þEcaa5fnðDfm1nÞþEcaa4fnðD3fm1nÞ
þEcaa2ðD2f00nÞðD2fm1nÞÞ
þ
Xn
i¼0
Xm1
n¼0
EcafiðD2fniÞðD3fm1nÞEcaðDfiÞðD2fniÞðD2fm1nÞ
 
:
ð69Þf viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
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Figure 5 Effect of heat source or sink D on velocity, temperature, skin friction coefficient and local Nusselt number profiles.
MHD natural convection flow of viscoelastic fluid 9The boundary conditions above are implemented on A on
the left hand-side of rows 1; N; ðNþ 1Þ respectively as before
with the initial solution above. The corresponding rows, all
columns of A on the right hand-side G; Q1;m1; Q2;m1 are
all set to zero. This results in the following recursive formular
Fm ¼ ðXm þ hÞA1  Afm1 þ hA1½Qm1  ð1þXmÞG mP 1:
ð70Þ4. Results and discussion
The transformed ordinary differential Eqs. (28), (29), subject
to the boundary conditions (30), (31), have been solved itera-
tively using a numerical version of the Homotopy Analysis
Method (HAM), called Spectral Homotopy Analysis Method
(SHAM) for some value of governing parameters i.e. the Gra-
shof number Gr, the Hartmann number M, thermal radiation
parameter R, suction/injection parameter b0, heat absorption
parameter and viscoelastic parameter a. SHAM is based on
the blend of the Chebyshev pseudo-spectral method with the
standard homotopy analysis method (HAM). For our compu-
tational analysis, we have set Gr ¼ 0:5; M ¼ 0:5; Pr ¼ 0:71;
a ¼ 0:01; R ¼ 0:5; dy ¼ 0:5; D ¼ 0:1; b0 ¼ 0:5; Ec ¼ 0:01Please cite this article in press as: Fagbade AI et al., MHD natural convection flow o
and heat source or sink: Spectral Homotopy Analysis Approach, Ain Shams Eng Jas standard values to compute table and plot graphs. All
graphs therefore correspond to these values unless it is other-
wise stated. In order to establish the accuracy of the present
method of solution, we first deal with the special case of our
problem and compare with literature results of Chamkha
[10] and Acharya et al. [25] in Table 1. Table 1 illustrates the
computational values of wall temperature gradient h0ð0Þ for
a special case of our model when pertinent parameters
a= Gr= R=M= D= 0. The comparison shows that the
present results by SHAM were in excellent agreement with
the solution of Chamkha [10] and Acharya et al. [25]. Table 2
illustrates the effects of viscoelastic parameter a and Magnetic
parameter M on both the skin friction coefficient Cf and local
Nusselt number Nu of the flow respectively. It is observed that
an increase in both Magnetic parameter M and viscoelastic
parameter a of the Walter’s B memory fluid causes a notable
decrease in skin friction coefficient and local Nusselt number
generation. Table 3 gives account on the effect of viscous dis-
sipation term (i.e. Eckert number) and thermal Grashof num-
ber on the wall shear stress and local heat transfer rate when
the flow is experienced possible heat generation and/or absorp-
tion. It is seen that with an increased thermal Grashof number
and Eckert number on the flow, there is significant decrease
and increase in skin friction coefficient and local Nusseltf viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
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Figure 6 Effect of Grashof number Gr on velocity, temperature, skin friction coefficient and local Nusselt number profiles.
10 A.I. Fagbade et al.number respectively. To further illustrate the influence of the
flow pertinent parameters on the fluid, we have shown graph-
ically the effect of these parameters on the fluid velocity, tem-
perature, skin friction coefficient and local Nusselt number
profiles (see Figs. 2–8).
In Fig. 2, we present variation of Hartmann numberM and
its effects on the fluid velocity, temperature, skin friction and
local heat transfer. We observe that an increase in the values
of the Hartmann number as a result of the increasing effect
of transverse magnetic field toward the electrically conducting
fluid, leads to a remarkable reduction in the velocity and local
heat transfer profile of the flow, whereas there is significant
increase in both skin-friction coefficient and fluid temperature.
Due to the damping effect of the magnetic field, increases in the
values ofM have a tendency to slow the motion of the fluid and
make it warmer as it moves along the vertical plate causing the
tangential velocity f0ðgÞ to decrease and the temperature hðgÞ to
increase. The transverse contraction on the velocity boundary
layer of the flow is due to the applied magnetic field, which con-
sequently invokes lorentz force producing noticeable opposi-
tion to the flow of the fluid and hence enhances the thermal
condition (that is temperature profile). Therefore, magnetic
parameter M influences the control of surface shear stress.
Fig. 3 depicts the effect of viscoelastic parameter a (that isPlease cite this article in press as: Fagbade AI et al., MHD natural convection flow o
and heat source or sink: Spectral Homotopy Analysis Approach, Ain Shams Eng JWeissenberg number) on the velocity, temperature, skin fric-
tion coefficient and local heat transfer profiles when other
parameters are fixed. The viscoelastic parameter a represents
the effect of normal stress coefficient on the flow. It is observed
that at a given point on the flow domain, the flow velocity, skin
friction coefficient and local heat transfer profiles decrease
drastically with an increase in the viscoelastic parameter
whereas an increase in viscoelastic parameter added value to
the flow regime by significantly increasing the temperature dis-
tribution. This implies that an increase in viscoelastic parame-
ter has tendency of decreasing the boundary layer thickness,
while an increase in normal stress coefficient parameter has
an opposing effect on the temperature profile of the flowing
fluid. Fig. 4 gives account of variation of thermal radiation
parameter (R) over the fluid velocity, temperature, skin friction
and local heat transfer. The thermal radiation parameter R
defines the relative contribution of conduction heat transfer
to thermal radiation transfer. A noticeable increment in fluid
velocity and temperature are observed as thermal radiation
parameter increases whereas remarkable reduction and incre-
ment are noticed in skin friction and local heat transfer respec-
tively. The results qualitatively agree with the report from the
literature that one of the tangible effects of thermal radiation
and surface temperature on flow is to enhance the rate of heatf viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
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Figure 7 Effect of internal heat generation/absorption coefficient dy on velocity, temperature, skin friction coefficient and local Nusselt
number profiles.
MHD natural convection flow of viscoelastic fluid 11energy transfer. Hence, one can easily control the rate of heat
transfer characteristics using thermal radiation mechanism.
Fig. 5 graphically illustrates the influence of heat source/sink
(D) on the velocity, temperature, skin friction coefficient and
local heat transfer profiles. The heat source adds more heat
energy into the boundary layer flow. The generation of more
heat energy significantly boosts the velocity and temperature
profiles of the flow but reduces the amount of skin friction coef-
ficient and local heat transfer within the boundary layer regime
of the flow. The influence of thermal Grashof number on the
flow profile is illustrated in Fig. 6. Thermal Grashof number
Gr approximates the ratio of the buoyancy to viscous force act-
ing on a fluid. When the thermal Grashof number is high the
boundary layer is laminar and vice versa. It is observed that
an increase in thermal Grashof number actually add more ther-
mal energy into the fluid molecules, loosen up the intermolecu-
lar forces within the fluid particles and thereby increases the
velocity profile and local heat transfer of the fluid. On the other
hand the fluid particle gathered more momentum as a result of
increase in thermal Grashof number, additional heat is lost to
the surrounding and thereby reduces the skin friction coeffi-
cient generated and the temperature profile decreases.Please cite this article in press as: Fagbade AI et al., MHD natural convection flow o
and heat source or sink: Spectral Homotopy Analysis Approach, Ain Shams Eng JFig. 7 depicts the influence of the heat generation/absorp-
tion coefficient dy on the behavior of the velocity, tempera-
ture, local heat transfer and skin friction coefficient profiles.
It is clear from Fig. 7 that, an increase in dy help boost the
tangential velocity f0ðgÞ as well as in the temperature distribu-
tions hðgÞ of the fluid. This is expected since heat generation
ðdy > 0Þ causes the thermal boundary layer to become thicker
and the fluid particles get warmer. This enhances the effect of
thermal buoyancy of the driving body force due to mass den-
sity variations which are coupled to the temperature distribu-
tion and therefore, increases the fluid velocity distribution.
Similarly, there is positive and significant influence of heat
generation/absorption coefficient on the skin friction coeffi-
cient and local heat transfer as a result of an increase in heat
generation/absorption. Fig. 8 displays the effect of mass
transfer coefficient, that is suction/injection parameter b0 on
the velocity, temperature, skin friction coefficient and local
heat transfer rate profiles of the flow. The velocity and tem-
perature profiles increase as mass transfer coefficient param-
eter increases along the flow regime. The imposition of the
wall fluid injection increases the hydrodynamic boundary
layer with significant increment in the fluid velocity. Also,f viscoelastic fluid over an accelerating permeable surface with thermal radiation
(2016), http://dx.doi.org/10.1016/j.asej.2016.04.021
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Figure 8 Influence of wall mass transfer coefficient b0 at D ¼ 0:1 on velocity, temperature, skin friction coefficient and local Nusselt
number profiles.
12 A.I. Fagbade et al.as the mass transfer coefficient parameter increases the tem-
perature profile increases. On the other hand an increase in
mass transfer coefficient reduces both the quantity of skin
friction coefficient and local heat transfer rate within the
boundary layer regime.
5. Conclusion
In this paper, we have used the Spectral Homotopy Analysis
Method SHAM to solve a fourth-order nonlinear boundary
value problem that governs the two-dimensional MHD natural
convection flow of viscoelastic fluid over an accelerating per-
meable surface with thermal radiation and heat source or sink.
Comparisons of the numerical results with previously pub-
lished data for some special cases were made and found to
be in excellent agreement. It is hoped that the present results
be used for understanding more complex problems dealing
with magnetohydrodynamic free convection flow of incom-
pressible Walter’s B memory fluid past a accelerating perme-
able surface plate. Our simulations show that the
convergence of the SHAM solution series to the numerical
solution up to five decimal place accuracy is achieved. The
SHAM is apparently more efficient because it offers morePlease cite this article in press as: Fagbade AI et al., MHD natural convection flow o
and heat source or sink: Spectral Homotopy Analysis Approach, Ain Shams Eng Jflexibility in choosing linear operators compared to the stan-
dard HAM and other numerical methods reported in the
reviewed literature. From our results we discovered that, when
the Hartmann number M is increased the velocity profile
decreases while temperature distribution increases. Also the
velocity distribution decreases with an increase in the visco-
elastic parameter. It was also found out that as the radiation
parameter increases, the velocity as well as the temperature
profile increases. Also, the heat source generates energy in
the boundary layer while the heat sink absorbs energy and
reduces the flow temperature.
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